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Abstract
The Thue-Morse sequence (1, -1, -1, 1, -1, 1, 1, ...) can in a sense be
naturally extended to a continuous function f called the Fabius function.
It is shown how to determine the exact value of f(x) whenever x is the
ratio between a positive integer and a power of 2.
The Fabius function is a continuous function f on the nonnegative real num-
bers that satisfies f(x) + f(1− x) = 1 for 0 ≤ x ≤ 1, and
f(x) =
∫ 2x
0
f(t)dt
for all x ≥ 0 [Fabius, 1966]. Its graph is a bell shape on the interval [0, 2] that
repeats, except for the signs, which follow the Thue-Morse sequence. We will
demonstrate how to determine the exact value of f(x) whenever x is the ratio
between a positive integer and a power of 2.
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On setting x = 1, we can deduce that
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and substitute this into (1) and (2). This yields:
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Thus we have, for 0 ≤ x ≤ 1:
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Combining these gives:
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and so forth.
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